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Abstract
The α-modulation spaces Ms,αp,q(Rd), α ∈ [0,1], form a family of spaces that include the Besov and
modulation spaces as special cases. This paper is concerned with construction of Banach frames for
α-modulation spaces in the multivariate setting. The frames constructed are unions of independent Riesz
sequences based on tensor products of univariate brushlet functions, which simplifies the analysis of the full
frame. We show that the multivariate α-modulation spaces can be completely characterized by the Banach
frames constructed.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The α-modulation spaces Ms,αp,q(Rd), α ∈ [0,1], are a parameterized family of spaces that
include the Besov and modulation spaces as special cases corresponding to α = 1 and α = 0,
respectively.
Besov spaces, see, e.g., [23] for the definition, are based on coverings of frequency space
Rd by balls B(an, rn) satisfying |an|  |B(an, rn)|1/d , that is to say there exist constants c,C ∈
(0,∞) such that c|an|  |B(an, rn)|1/d  C|an| for all the balls. On the other hand, the modu-
lation spaces introduced by Feichtinger in [8] are based on uniform coverings of the frequency
space, i.e., coverings satisfying |an|0  |B(an, rn)|1/d , and it was pointed out by Feichtinger and
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L. Borup, M. Nielsen / J. Math. Anal. Appl. 321 (2006) 880–895 881Gröbner [7,9] that Besov and modulation spaces are special cases of an abstract construction, the
so-called decomposition type Banach spaces D(Q,B,Y ). Gröbner [11] used the methods in [9]
to define the α-modulation spaces as a family of intermediate spaces. Gröbners idea was to de-
fine spaces corresponding to coverings based on the rule |an|α  |B(an, rn)|1/d , 0 α  1. The
precise definition of an α-modulation space will be given in Section 2. The coverings giving rise
to α-modulation spaces have also been considered (independently) by Päivärinta and Somersalo
in [20]. Päivärinta and Somersalo used the partitions to extend the Calderón–Vaillancourt bound-
edness result for pseudodifferential operators to the local Hardy spaces hp .
The family of α-modulation spaces arise naturally in several applications. In [1], pseudodif-
ferential operators on α-modulation spaces are studied in the univariate case. It was proved that
certain pseudodifferential operators with “exotic” symbols of Hörmander type extends naturally
to bounded operators on α-modulation spaces. The proofs are based on the brushlet character-
ization of the α-modulation spaces given in [3]. The mapping properties of pseudodifferential
operators on α-modulation spaces are also studied by Holschneider and Nazaret in [19]. These
results can be seen as extensions of earlier classical results by Córdoba and Fefferman [5].
Pseudodifferential operators on Besov spaces have been studied in, e.g., [18,24]. Pseudodiffer-
ential operators on modulation spaces have also been studied extensively, see [6,13,14,21,22].
One successful approach to study function spaces and operators on such spaces is to con-
struct an unconditional basis for the space and use the corresponding norm characterization of
the elements in the space to study various operators on the space. One striking example is the
study of Calderón–Zygmund operators in smooth wavelet bases, see, e.g., [18]. Another family
of orthonormal bases for L2(R) is brushlet bases. Brushlets are the image of a local trigonomet-
ric basis under the Fourier transform, and such systems were introduced by Laeng [15]. Later
Coifman and Meyer [16] used brushlets as a tool for image compression. The present authors
proved in [2] that “nice” brushlets form unconditional bases for Lp(Rd), 1 < p < ∞. In [3], the
freedom to choose the frequency localization of a brushlet system was used to construct (ortho-
normal) unconditional brushlet bases for the univariate α-modulation spaces. The structure of
the real line was used extensively in [3], and we cannot see any straightforward way of extending
the orthonormal bases to the multivariate setting.
In the present paper we consider Banach frames for α-modulation spaces. Banach frames, in-
troduced by Gröchenig in [12], is a (much) weaker concept than an unconditional basis but they
still provide stable expansions and a discrete characterization of the norm in the Banach space.
Fornasier has studied Gabor-type Banach frames for univariate α-modulation spaces in [10].
However, as Fornasier also states in [10], it seems to be technically difficult to extend the con-
struction to the multivariate case. Here we introduce an easy construction of Banach frames
based on brushlet systems for multivariate α-modulation spaces. The frames constructed are not
orthonormal bases, but each system is “locally” orthonormal (in a certain sense that will be ex-
plained in Section 3). We construct an explicit dual system to the frames with essentially the
same structure as the frame itself.
The structure of the paper is as follows. In Section 2, we give the precise definition of the
α-modulation spaces. Section 3 contains the construction of the multivariate brushlet systems
that will form frames for the α-modulation spaces. We also give a discrete characterization of
the norm in the α-modulation spaces using the frame constructed, this is done in Section 3.2.
We recall the definition of a Banach frame in Section 3.3. A stable reconstruction operator is
explicitly constructed using a suitable (non-canonical) dual frame which is defined in Section 4.
In Section 4 we can conclude that the frames constructed are indeed Banach frames for the
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to the partitions of unity used to define the α-modulation spaces.
2. α-Modulation spaces
We now define the α-modulation spaces. The spaces are defined by a parameter α, belonging
to the interval [0,1]. This parameter determines a segmentation of the frequency domain from
which the spaces are built. Thus, we need to define “nice” partitions of the frequency space. Let
B(c, r) ⊂ Rd denote the ball with center c and radius r , and let 〈x〉 := (1 + |x|2)1/2.
Definition 2.1. A countable set Q of subsets Q ⊂ Rd is called an admissible covering if Rd =⋃
Q∈QQ and there exists n0 < ∞ such that #{Q′ ∈Q: Q∩Q′ = ∅} n0 for all Q ∈Q. Let
rQ = sup
{
r ∈ R: B(cr , r) ⊂ Q for some cr ∈ Rd
}
,
RQ = inf
{
R ∈ R: Q ⊂ B(cR,R) for some cR ∈ Rd
}
denote respectively the radius of the inscribed and circumscribed sphere of Q ∈Q. An admissible
covering is called an α-covering, 0 α  1, of Rd if |Q|  〈x〉αd (uniformly) for all x ∈ Q and
for all Q ∈Q, and there exists a constant K  1 such that RQ/rQ K for all Q ∈Q.
We also need partitions of unity compatible with the covers from Definition 2.1. We let
F(f )(ξ) := (2π)−d/2 ∫
Rd
f (x)e−ix·ξ dx, f ∈ L2(Rd), denote the Fourier transform.
Definition 2.2. Given p ∈ (0,∞] and an α-covering Q of Rd . A corresponding bounded admis-
sible partition of unity of order p (p-BAPU) {ψQ}Q∈Q is a family of functions satisfying
• supp(ψQ) ⊂ Q,
• ∑Q∈QψQ(ξ) = 1,
• supQ |Q|1/p˜−1‖F−1ψQ‖Lp˜ < ∞, p˜ := min(1,p).
Remark 2.3. It is proved in Proposition A.1 that an α-covering with a corresponding p-BAPU
actually exist for every α ∈ [0,1] and p > 0.
For Q ∈ Q define the multiplier ψQ(D)f := F−1(ψQFf ), f ∈ L2(Rd). By [23, Proposi-
tion 1.5.1], the conditions in Definition 2.2 ensure that ψQ(D) extends to a bounded operator on
Lp(R
d), 0 <p ∞, uniformly in Q ∈Q.
We have the following definition of the α-modulation spaces.
Definition 2.4. Given 0 < p,q ∞, s ∈ R, and 0  α  1, let Q be an α-covering of Rd for
which there exists a p-BAPU Ψ . Then we define the α-modulation space, Ms,αp,q(Rd) as the set
of distributions f ∈ S′(Rd) satisfying
‖f ‖Ms,αp,q :=
( ∑
Q∈Q
〈ξQ〉qs
∥∥ψQ(D)f ∥∥qLp
)1/q
< ∞, (2.1)
with {ξQ}Q∈Q a sequence satisfying ξQ ∈ Q. For q = ∞ we have the usual change of the sum to
sup over Q ∈Q.
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that two different sequences {ξQ}Q∈Q give equivalent norms. Furthermore, Theorem 3.1 below
shows that two different p-BAPUs give equivalent norms too. Thus, the α-modulation space is
well defined. Notice that the definition is given for the full range of p and q , extending Gröbners
original definition in [11].
It can be proved that Ms,αp,q(Rd) is a quasi-Banach space, and that S(Rd) ↪→ Ms,αp,q(Rd) ↪→
S(Rd)′, see [3]. Moreover, if p,q < ∞, S(Rd) is dense in Ms,αp,q(Rd).
2.1. Admissible coverings
In this section we discuss a specific construction of an α-covering of Rd . This type of cov-
ering was considered in [11,20]. A proof of Lemma 2.5 below can be found in [11], but since
Gröbner’s work has never been published, we have included a proof for the sake of completeness.
Construction of α-coverings are also considered (from another perspective) in [20].
Notice that the set of balls {B(k,√d)}k∈Zd\{0} is an admissible 0-covering of Rd . Define
for some β ∈ (−1,∞), the bijection δβ on Rd by δβ(ξ) := ξ |ξ |β (with inverse δβ ′ , β ′ = −β/
(1 + β)). Since the set {B(k,R)}k∈Zd\{0} is admissible for R 
√
d , so is {δβ(B(k,R))}k∈Zd\{0}.
Moreover, we have the following result.
Lemma 2.5. Suppose β  0. Given R > 0, there exists an r > 0, such that
δβ
(
B(z,R)
)⊆ B(δβ(z), r|z|β), for all z ∈ Rd , with |z| 1. (2.2)
Likewise, given r > 0 there exists an R > 0, such that
B
(
δβ(z), r|z|β
)⊆ δβ(B(z,R)), for all z ∈ Rd . (2.3)
Proof. The proof is based on the following observation. For two points x, z ∈ Rd and β ∈
(−1,∞), we have∣∣δβ(x)− δβ(z)∣∣= ∣∣x|x|β − z|z|β ∣∣ ∣∣x|x|β − x|z|β ∣∣+ ∣∣x|z|β − z|z|β ∣∣
= |x|∣∣|x|β − |z|β ∣∣+ |z|β |x − z| = (|β| |x| |x˜|β−1 + |z|β)|x − z| (2.4)
for some x˜ ∈ L(x, z), by the mean value theorem.
Given R > 0, suppose x ∈ B(z,R). Then since |z|  1, (2.4) yields |δβ(x) − δβ(z)|  r|z|β
for some r > 0 depending only on β and R. Now, take any y ∈ δβ(B(z,R)), i.e., y = δβ(x) for
some x ∈ B(z,R). Then |y − δβ(z)| r|z|β , which proves (2.2).
We turn to (2.3). Suppose first that |z|K for some K > r1+β . Then it is easy to verify that
there exists a radius P > 0 such that B(δβ(z), r|z|β) ⊂ B(0,P ) for all z. Likewise, there exists a
radius R such that B(0,P ) ⊂ δβ(B(z,R)) for all z. This proves (2.3) for |z|K .
Suppose now that |z| > r1+β . Recall that δ−1β = δβ ′ , where β ′ := −β/(β + 1). Thus, to show
the inclusion (2.3) is equivalent to show that
δβ ′
(
B
(
z, r|z|−β ′))⊆ B(δβ ′(z),R). (2.5)
Suppose x ∈,B(z, r|z|−β ′) for some β ′ > −1, then(
1 − r|z|−(1+β ′))|z| |x| (1 + r|z|−(1+β ′))|z|.
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for some R > 0 depending only on r and β ′. Now, take any y ∈ δβ ′(B(z, r|z|−β ′)), i.e., y = δβ ′(x)
for some x ∈ B(z, r|z|−β ′). Then, |y − δβ ′(z)|R, which proves (2.5). 
We can now deduce the following result from Lemma 2.5.
Theorem 2.6. Given 0 α < 1, let β = α/(1 − α). Then there exists a constant r1 > 0 such that{
B
(
k|k|β, r|k|β)}
k∈Zd\{0} (2.6)
is an α-covering for any r > r1.
Proof. By (2.2) there exists a radius r1 such that Rd ⊂ ⋃k∈Zd\{0} B(δβ(k), r|k|β) for all
r  r1. Fix such an r and let R := R(r) be given such that (2.3) holds. Then, since
{δβ(B(k,R(r)))}k∈Zd\{0} is an admissible covering of Rd , so is {B(δβ(k), r|k|β)}k∈Zd\{0}.
It is easy to see that |B(δβ(k), r|k|β)|  〈y〉dα for all y ∈ B(δβ(k), r|k|β) independent of
k ∈ Zd \ {0}. Thus {B(δβ(k), r|k|β)}k∈Zd\{0} is an α-covering for any r > r1. 
Denote by Q(c, r) the cube with center c and side length 2r . We have the following corollary
to Theorem 2.6.
Corollary 2.7. Given 0 α < 1, let β = α/(1−α). Then there exists a constant r1 > 0 such that{
Q
(
k|k|β, r|k|β)}
k∈Zd\{0}
is an α-covering of Rd for any r > r1.
2.2. A specific α-covering
Given 0 α < 1. In Section 3.2 below we will give an equivalent norm for the α-modulation
spaces using a fixed α-covering P defined as follows.
Let r1 be the constant from Theorem 2.6 and fix r3 > r2 > r1. Then according to Theorem 2.6
and Corollary 2.7 the sets
O := Oα,r :=
{
B
(
k|k|α/(1−α), r2|k|α/(1−α)
)}
k∈Zd\{0} (2.7)
and
P := Pα,r :=
{
Q
(
k|k|α/(1−α), r3|k|α/(1−α)
)}
k∈Zd\{0} (2.8)
are α-coverings. In the following sections we will use the short notation
Bk := B
(
k|k|α/(1−α), r2|k|α/(1−α)
)
and Qk := Q
(
k|k|α/(1−α), r3|k|α/(1−α)
)
.
3. Multivariate brushlet systems
Univariate brushlet bases have proven successful in characterizing univariate α-modulation
spaces. However, it is still an open question how to construct orthonormal multivariate brushlet
bases. In this section we define separable multivariate brushlet systems and study their expansion
properties. The study concludes in Section 4 where we will see that nice separable brushlet
systems in fact constitutes Banach frames for multivariate α-modulation spaces.
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Let us first recall the definition of a univariate brushlet. Take a non-negative ramp function
ρ ∈ Cr(R), for some r  1, satisfying
ρ(ξ) =
{
0 for ξ  0,
1 for ξ  1. (3.1)
Given 0 < ε < 12 (1 − r2/r3), define g by
gˆ(ξ) := ρ
(
ξ
ε
)
ρ
(
1 − ξ
ε
)
, (3.2)
where gˆ denotes the Fourier transform of g.
For an interval I = [aI , a′I ), we define the bell function
bI (ξ) := gˆ
(|I |−1(ξ − aI ))= ρ(ξ − aI
ε|I |
)
ρ
(
a′I − ξ
ε|I |
)
. (3.3)
Notice that supp(bI ) ⊆ I and bI (ξ) = 1 for ξ ∈ [aI + ε|I |, a′I − ε|I |]. Now for each n ∈ N0 we
define the univariate brushlet wn,I by
wˆn,I (ξ) =
√
2
|I |bI (ξ) cos
(
π
(
n+ 1
2
)
ξ − aI
|I |
)
. (3.4)
The brushlets also have an explicit representation in the time domain. Let for notational conve-
nience
en,I := π(n+ 1/2)|I | .
Then,
wn,I (x) =
√ |I |
2
eiaI x
{
g
(|I |(x + en,I ))+ g(|I |(x − en,I ))}. (3.5)
By a straightforward calculation it can be verified that there exists a constant C < ∞, such
that ∣∣g(x)∣∣ C(1 + |εx|)−r , (3.6)
with r  1 given by the smoothness of the ramp function. Thus a univariate brushlet wn,I essen-
tially consists of two humps at ±en,I . We call r in (3.6) the decay rate of the brushlet.
Let Q =∏di=1 Ii be a cube in Rd , and let
wn,Q :=
d⊗
i=1
wni,Ii , n ∈ Nd0 ,
be the associated multivariate brushlet. Notice that {wn,Q}n∈Nd0 is an orthonormal system in
L2(Rd) for a fixed cube Q. We say that the brushlet wn,Q has decay rate r > 0 if each wni,Ii ,
i = 1,2, . . . , d , has decay rate r .
We associate a family of projection operators to the brushlets as follows. These operators will
be used to obtain an equivalent norm for the α-modulation spaces in Section 3.2.
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P̂I f (ξ) := bI (ξ)
[
bI (ξ)fˆ (ξ)+ bI (2aI − ξ)fˆ (2aI − ξ)− bI (2a′I − ξ)fˆ (2a′I − ξ)
]
.
It can be verified that PI is an orthogonal projection, mapping L2(R) onto Span{wn,I : n ∈ N0}.
For Q =∏di=1 Ii a cube in Rd , we define the operator PQ by the corresponding tensor prod-
uct. Clearly, PQ is a projection operator PQ :L2(Rd) → Span{wn,Q: n ∈ Nd0}.
Moreover, given f ∈ L2(Rd) we have supp(P̂Qf ) ⊆ Q, and P̂Qf (ξ) = fˆ (ξ) for all cubes
Q = Q(c, r) provided ξ ∈ Q(c, (1 − 2ε)r).
Finally, notice that,
PQ = SQ
[
d⊗
i=1
(Idi +RaIi −Ra′Ii )
]
SQ, (3.7)
where ŜQf := bQfˆ and Raf (x) := ei2af (−x), x, a ∈ R.
3.2. Characterization of α-modulation spaces
Now we show that it is possible to express the Ms,αp,q(Rd)-norm using the projection operators
PQ associated with the α-covering P. This leads to a characterization of the α-modulation space
norm using the multivariate brushlet system.
The main result is the following.
Theorem 3.1. Given 0  α < 1, 0 < p,q ∞, and s ∈ R. Let P be the α-covering defined
in (2.8), and let PQ, Q ∈ P, be the associated projection operators generated from a brushlet
system with decay rate r > max(1,1/p). Then for any f ∈ Ms,αp,q(Rd) we have
‖f ‖Ms,αp,q 
(∑
Q∈P
〈ξQ〉qs‖PQf ‖qLp
)1/q
. (3.8)
Proof. Let Ψ be a p-BAPU subordinate to an α-covering Q. Take f ∈ Ms,αp,q(Rd). Then,
PQf =
∑
Q′∈AQ
PQ
(
ψQ′(D)f
)
, Q ∈ P,
in S ′(R), where AQ is the set of cubes Q′ ∈Q with Q ∩ Q′ = ∅. According to Lemma B.2 in
Appendix B,
sup
Q∈P
#AQ  dA < ∞.
Using (3.3) we have that ‖F−1bQ‖Lp  Cp|Q|1−1/p , for 0 < p ∞. Now, by the iden-
tity (3.7) and since ψQ′(D)f ∈ Lp , 0 <p ∞, for any Q′ ∈Q, Proposition 1.5.1 in [23] implies
‖PQf ‖Lp  C|Q|1/p˜−1
∥∥F−1bQ∥∥Lp˜ ∑
Q′∈AQ
∥∥ψQ′(D)f ∥∥Lp (p˜ := min(1,p))
 C′
∑
Q′∈A
∥∥ψQ′(D)f ∥∥Lp
Q
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Hence
〈ξQ〉s‖PQf ‖Lp  C′
∑
Q′∈AQ
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp for 0 <p ∞, (3.9)
with C′ independent of Q. Suppose 0 < q  1, then
∑
Q∈P
( ∑
Q′∈AQ
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp
)q
=
∑
Q∈P
( ∑
Q′∈Q
1AQ(Q′)〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp
)q

∑
Q′∈Q
∑
Q∈P
(
1AQ(Q′)〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp)q,
where 1AQ(Q′) = 1 for Q′ ∈ AQ and 0 for Q′ ∈ Q \ AQ. Since 1AQ(Q′) = 1AQ′ (Q), for any
Q ∈ P and Q′ ∈Q, this gives∑
Q∈P
( ∑
Q′∈AQ
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp
)q
 dA
∑
Q′∈P
〈ξQ′ 〉qs
∥∥ψQ′(D)f ∥∥qLp .
Likewise, for q = ∞,
sup
Q∈P
∑
Q′∈AQ
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp  dA sup
Q∈P
sup
Q′∈AQ
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp
= dA sup
Q′∈Q
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp .
For 1 < q < ∞, Hölder’s inequality with 1 = 1/q + 1/q ′ implies
∑
Q∈P
( ∑
Q′∈AQ
〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp
)q

∑
Q∈P
( ∑
Q′∈Q
(
1AQ(Q′)
)q ′)q/q ′(∑
Q∈P
(
1AQ(Q′)〈ξQ′ 〉s
∥∥ψQ′(D)f ∥∥Lp)q
)
 dq−1A
∑
Q∈P
∑
Q′∈Q
1AQ(Q′)
(〈ξQ′ 〉s∥∥ψQ′(D)f ∥∥Lp)q
 dA
∑
Q′∈Q
〈ξQ′ 〉qs
∥∥ψQ′(D)f ∥∥qLp .
The lower bound in (3.8) now follows by combining the above estimates with the inequality (3.9).
The upper bound can be proved in a similar fashion. 
We now have a characterization of the Ms,αp,q(Rd)-norm using the Lebesgue norm of the pro-
jection operators PQ. But this Lebesgue norm can be given by the size of the brushlet coefficients.
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brushlet wn,Q, n ∈ Nd0 , has decay rate r > max(1,1/p), then PQf ∈ Lp(Rd) if and only if{〈f,wn,Q〉}n∈Nd0 ∈ p . In fact, if one of these conditions is satisfied we have
‖PQf ‖Lp  |Q|
1
2 − 1p
( ∑
n∈Nd0
∣∣〈f,wn,Q〉∣∣p)1/p, 0 <p < ∞, (3.10)
with equivalence independent of Q. When p = ∞ the sum in (3.10) is changed to sup over
n ∈ Nd0 .
Proof. From (3.6) we have that g ∈ Lp(R). This, together with the representation (3.5), imply
that
sup
x∈Rd
∑
n∈Nd0
∣∣wn,Q(x)∣∣p  C|Q| p2 and sup
n∈Nd0
‖wn,Q‖pLp  C′|Q|
p
2 −1. (3.11)
Suppose p  1. Let c be the center of the cube Q. Since supp(F(PQfwn,Q)) ⊂ Q, we have
(see, e.g., [23, p. 18])∑
n∈Nd0
∣∣〈f,wn,Q〉∣∣p = ∑
n∈Nd0
∣∣〈PQf,wn,Q〉∣∣p  ∑
n∈Nd0
( ∫
Rd
∣∣eix·cPQf (x)wn,Q(x)∣∣dx)p
 C|Q|1−p
∑
n∈Nd0
∫
Rd
∣∣PQf (x)∣∣p∣∣wn,Q(x)∣∣p dx  C′|Q|1− p2 ‖PQf ‖pLp .
Likewise,
‖PQf ‖pLp 
∑
n∈Nd0
∣∣〈f,wn,Q〉∣∣p‖wn,Q‖pLp C|Q| p2 −1 ∑
n∈Nd0
∣∣〈f,wn,Q〉∣∣p.
For 1 < p < ∞ the lemma follows using the two estimates (3.11) for p = 1, together with
Hölder’s inequality (see, e.g., [17, §2.5]). The case p = ∞ is left for the reader. 
Let us introduce a new and more compact notation for the brushlets wn,Q associated with the
α-covering P given in (2.8). Recall that each cube Q ∈ P is of the form
Q = Qk = Q
(
k|k| α1−α , r|k| α1−α ), k ∈ Zd \ {0}.
For Qk ∈ P we use the shorthand notation
wn,k := wn,Qk , k ∈ Zd \ {0}.
Using Lemma 3.2 we can derive the following result from Theorem 3.1.
Proposition 3.3. Given 0 < p,q ∞, s ∈ R, and 0  α < 1. Let B = {wn,k}k∈Zd\{0}, n∈Nd0 be
a brushlet system with decay rate r > max(1,1/p) associated with the α-covering P. Then we
have the characterization
‖f ‖Ms,αp,q 
( ∑
k∈Zd\{0}
( ∑
n∈Nd0
(
|k| 11−α
(
s+ αd2 − αdp
)∣∣〈f,wn,k〉∣∣)p)q/p)1/q .
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Definition 3.4. Given 0 < p,q ∞, s ∈ R, and 0 α < 1, we define the space ms,αp,q as the set
of coefficients c = {cn,k}n∈Nd0 ,k∈Zd\{0} ⊂ C satisfying
‖c‖ms,αp,q :=
( ∑
k∈Zd\{0}
( ∑
n∈Nd0
(
|k| 11−α
(
s+ αd2 − αdp
)
|cn,k|
)p)q/p)1/q
< ∞.
3.3. Banach frames
With Proposition 3.3 in mind, we recall the definition of a Banach frame in Definition 3.5
below. However, let us first recall the definition of a frame for L2(Rd).
A countable subset G = {gn: n ∈ Zd} ⊂ L2(Rd) is a frame for L2(Rd) if there exist constants
0 <A,B < ∞ such that
A‖f ‖2L2 
∑
n∈Zd
∣∣〈f,gn〉∣∣2  B‖f ‖2L2, ∀f ∈ L2(Rd).
Define the coefficient (analysis) operator C = CG by CGf = {〈f,gn〉}n∈Zd . A Banach frame is
defined as follows (see [12]).
Definition 3.5. A Banach frame for a separable Banach space B is a sequence G = {gn: n ∈ Zd}
in the dual space B ′ with an associated sequence space Bd on Zd such that the following proper-
ties hold:
(1) The coefficient operator CG is bounded from B into Bd .
(2) Norm equivalence:
‖f ‖B 
∥∥{〈f,gn〉}n∈Zd∥∥Bd , f ∈ X.
(3) There exists a bounded operator R from Bd onto B , a so-called synthesis or reconstruction
operator, such that
RCGf = R
{〈f,gn〉}n∈Zd = f.
When B = L2(Rd) and Bd = 2(Zd), Definition 3.5 coincides with the usual definition of a
frame for L2(Rd).
Remark 3.6. Proposition 3.3 shows that the first two requirements of Definition 3.5 are satisfied
by our multivariate brushlet system with B = Ms,αp,q and Bd = ms,αp,q . All that remains to verify is
the existence of a stable reconstruction operator R. This will be done in Section 4.
4. Banach frames for α-modulation spaces
We now have the tools needed to show that a nice brushlet system constitute a Banach frame
for the α-modulation spaces. First we will define the system of functions that will turn out to be
a dual to the brushlet system B = {wn,k}n∈Nd0 , k∈Zd\{0}. Recall the α-covering O = {Bk}k∈Zd\{0}
in (2.7). Given the multiplier ψk(D) := ψBk (D), we define the system B˜ := {w˜n,k}n,k where
w˜n,k := ψk(D)wn,k. (4.1)
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Proposition 4.1. Let B = {wn,k}n∈Nd0 , k∈Zd\{0} be a collection of brushlet functions in L2(R
d),
with α-covering P given by (2.8), 0  α < 1. Let B˜ = {w˜n,k}n∈Nd0 , k∈Zd\{0} be the associated
system defined by (4.1). Then (B, B˜) is a pair of dual frames for L2(Rd).
Proof. Recall that the covering P has finite height, i.e.,
∑
k∈Zd\{0} χQk (ξ)  C < ∞ for some
fixed constant C. We can therefore write P =⋃Nj=1 Pj , with {wn,k}n∈N0,Qk∈Pj an orthonormal
system for j = 1,2, . . . ,N . The brushlet system B can thus be written as a union of orthonor-
mal sequences and it follows that B is a Bessel system. Notice that ψk(D)PQk = ψk(D) since
supp(ψBk ) ⊂ Bk ⊂ Q(k|k|α/(1−α), (1 − 2ε)r3|k|α/(1−α)). Thus,∑
n∈Nd0
∣∣〈ψk(D)f,wn,k〉∣∣2 = ∑
n∈Nd0
∣∣〈ψBk fˆ , wˆn,k〉∣∣2 = ‖ψBk fˆ ‖22
 ‖PQkf ‖22 =
∑
n∈Nd0
∣∣〈fˆ , wˆn,k〉∣∣2 = ∑
n∈Nd0
∣∣〈f,wn,k〉∣∣2,
where we used that {wn,k}n∈Nd0 is an orthonormal system and that ‖ψBk‖∞  1. It follows that B˜
is a Bessel system. Moreover,
ψk(D)f = PQkψk(D)f =
∑
n∈Nd0
〈
ψk(D)f,wn,k
〉
wn,k =
∑
n∈Nd0
〈f, w˜n,k〉wn,k.
Now, {ψk}k is a partition of unity, so we have
f =
∑
k∈Zd\{0}
ψk(D)f =
∑
k∈Zd\{0}
∑
n∈Nd0
〈f, w˜n,k〉wn,k, ∀f ∈ L2
(
Rd
)
,
where the last sum converges unconditionally in L2(Rd) since B and B˜ are Bessel systems.
Hence, (B, B˜) is a pair of dual frames for L2(Rd). We also have the dual representation (see,
e.g., [4, Lemma 5.6.2])
f =
∑
k∈Zd\{0}
∑
n∈Nd0
〈f,wn,k〉w˜n,k, ∀f ∈ L2
(
Rd
)
.  (4.2)
We want to extend the result in Proposition 4.1 to the α-modulation spaces. Thus we need a
bounded reconstruction operator R :ms,αp,q → Ms,αp,q(Rd). The following lemma indicate how we
can define such an operator.
Lemma 4.2. Given 0 <p,q ∞, s ∈ R, and 0 α < 1. For a finite sequence {cn,k}n∈Nd0 , k∈Zd\{0}
of complex numbers we have∥∥∥∥∑
n,k
cn,kw˜n,k
∥∥∥∥
M
s,α
p,q
 C
∥∥{cn,k}n,k∥∥ms,αp,q .
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‖f ‖Ms,αp,q =
(∑
k
|k|qs/(1−α)∥∥ψk(D)f ∥∥qp)1/q
=
(∑
k
|k|qs/(1−α)
∥∥∥∥ψk(D)( ∑
k′∈Ak
∑
n
cn,k′w˜n,k′
)∥∥∥∥q
p
)1/q
(
Ak := {k′: Bk ∩Bk′ = ∅}
)
 C
(∑
k
|k|qs/(1−α)
∥∥∥∥ ∑
k′∈Ak
∑
n
cn,k′w˜n,k′
∥∥∥∥q
p
)1/q
 C′
(∑
k
|k|qs/(1−α)
∥∥∥∥∑
n
cn,kw˜n,k
∥∥∥∥q
p
)1/q
,
where we have used that O has finite height and that ψk(D) is a bounded operator on Lp(Rd),
uniformly in k. It is easy to verify that w˜n,k satisfies similar inequalities as in (3.11). Thus, using
the same technique as in the proof of Lemma 3.2 yields∥∥∥∥ ∑
n∈Nd0
cn,kw˜n,k
∥∥∥∥
Lp
 C|k| α1−α
( d
2 − dp
)∥∥{cn,k}∥∥p , 0 <p ∞,
uniformly in k ∈ Zd \ {0}. 
To conclude we show that the dual pair B, B˜ form Banach frames for the α-modulation spaces.
We define the coefficient operator C :Ms,αp,q(Rd) → ms,αp,q by Cf = {〈f,wn,k〉}n,k and the recon-
struction operator R :ms,αp,q → Ms,αp,q(Rd), by {cn,k}n,k →∑n,k cn,kw˜n,k .
Theorem 4.3. Given 0 < p,q ∞, s ∈ R, and 0  α < 1. Suppose the brushlet system has
decay rate r > max(1,1/p). Then the coefficient operator C and reconstruction operator R are
both bounded and make Ms,αp,q(Rd) a retract of ms,αp,q(Rd), i.e., RC = IdMs,αp,q (Rd ). In particular,
for p,q  1, B and B˜ are Banach frames for the α-modulation spaces Ms,αp,q(Rd).
Proof. We consider (4.2) in Ms,αp,q(Rd). According to Proposition 3.3, the coefficient operator C
is a bounded linear operator, and using Lemma 4.2 it is easy to verify that R is a bounded
linear operator. Thus, (4.2) extends to a bounded splitting RC = IdMs,αp,q (Rd ) as illustrated in the
following commuting diagram:
M
s,α
p,q
Id
M
s,α
p,q
C
M
s,α
p,q
m
s,α
p,q
R

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The α-modulation spaces are defined using a specific bounded admissible partition of unity,
but the spaces are actually independent of the specific choice. Here we construct a p-BAPU for
any α and any 0 < p ∞. The reader can find a more algebraic construction in [9] that works
for p  1. We have the following construction.
Proposition A.1. For α ∈ [0,1), 0 < p ∞, there exists an α-covering of Rd with a corre-
sponding p-BAPU {ψk}k∈Zd\{0} ⊂ S(Rd) satisfying∣∣∂βψk(ξ)∣∣ Cβ〈ξ 〉−|β|α,
for every multi-index β and k ∈ Zd \ {0}.
Proof. For r > 0, and k ∈ Zd \ {0} we define the ball
Brk :=
{
ξ ∈ Rd : ∣∣ξ − |k| α1−α k∣∣< r|k| α1−α }.
By Lemma 2.5, there exists r1 > 0 such that {Br1k }k∈Zd\{0} is an α-covering of Rd . There also
exists 0 < r2 < r1, such that {Br2k }k∈Zd\{0} is pairwise disjoint.
Fix r > r1. We take Φ ∈ C∞(Rd) satisfying infξ∈B(0,r1) |Φ(ξ)| := c > 0 and supp(Φ) ⊂
B(0, r). Let
gk(ξ) := Φ
(|ck|−α(ξ − ck)), k ∈ Zd \ {0},
where ck := |k| α1−α k. Clearly, gk ∈ C∞(Rd) with supp(gk) ⊂ Brk . In fact, {supp(gk)}k is an
α-covering of Rd . The covering is admissible (see Lemma 2.5) since {Br2k }k∈Zd\{0}, with
B
r2
k ⊂ supp(gk), is pairwise disjoint. It is easy to see that the partition has “finite height,” i.e.,∑
k∈Zd\{0} χsupp(gk)(ξ) n1 for some uniform constant n1.
Notice that∣∣∂βgk(ξ)∣∣= |ck|−α|β|∣∣(∂βΦ)(|ck|−α(ξ − ck))∣∣ Cβ |ck|−α|β|,
and since |ck| 1 for all k ∈ Zd \ {0}, we have∣∣∂βgk(ξ)∣∣C′β〈ck〉−α|β|  〈ξ 〉−α|β| for all ξ ∈ Brk .
Since we want a p-BAPU, we consider the sum g(ξ) :=∑k∈Zd\{0} gk(ξ). Now, {supp(gk)}k
has finite height, so g is well-defined, and the finite overlap ensures that |∂βg(ξ)| C′β〈ξ 〉−|β|α.
Recall that gk(ξ) c for all ξ ∈ Br1k , and since {Br1k }k∈Zd\{0} covers Rd , we have g(ξ) c. Thus,
we can define
ψn(ξ) := gn(ξ)∑
k∈Zd\{0} gk(ξ)
.
It is straightforward to show that |∂βψk(ξ)| Cβ〈ξ 〉−|β|α . In order to conclude, we need to verify
that supQ |Q|1/p˜−1‖F−1ψk‖Lp˜ < ∞, where p˜ = min{1,p}. Let
ψ˜k(ξ) = ψk
(|ck|αξ + ck)= Φ(ξ)∑
k′ Φ(|ck|α|ck′ |−α(ξ − ck′)+ ck)
.
Notice that for every β ∈ Nd there exists a constant Cβ independent of k ∈ Zd \ {0} such that∣∣∂βψ˜k(ξ)∣∣ CβχB(0,r)(ξ). (A.1)ξ
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∫
Rd
∣∣∣∣ ∫
Rd
ψk(ξ)e
ix·ξ dξ
∣∣∣∣p˜ dx
= |ck|αd(p˜−1)
∫
Rd
∣∣∣∣ ∫
Rd
ψ˜k(ξ)e
ix·ξ dξ
∣∣∣∣p˜ dx, and since |ck|dα  |Q|,
 |Q|p˜−1Cd
( ∑
|β|(d+1)/p˜
∥∥∂βψ˜k∥∥L1
)p˜ ∫
Rd
〈x〉−d−1 dx C′d |Q|p˜−1,
where we have used integration by parts and (A.1) for the last estimate. We conclude that {ψk}k
is a p-BAPU corresponding to the α-covering {supp(gk)}k . 
Appendix B. Some properties of α-coverings
Let sd = πd/2/Γ (d2 + 1) be the volume of the unit ball in Rd . Given an α-covering Q, let rQ
and RQ denote respectively the radius of the inscribed and circumscribed sphere of Q ∈Q. Let
K  1 be such that RQ/rQ K for all Q ∈Q. Notice that for Q ∈Q we have sd · rdQ  |Q|
sd ·RdQ, so
sd 
|Q|
rdQ
= R
d
Q
rdQ
· |Q|
RdQ
Kd · sd ,
and consequently |Q|  RdQ  rdQ independent of Q.
Given two α-coverings Q and Q′, suppose Q ∈Q and Q′ ∈Q′ have nonempty intersection.
Then from the observation above, we have RQ  RQ′ . Let dQ and dQ′ denote the center of the
circumscribed sphere of Q and Q′, respectively, and let cQ be the center of the inscribed sphere
of Q. Then there exists a constant κ > 2K such that
Q′ ⊆ B(dQ′ ,RQ′) ⊂ B
(
dQ,
κ
2K
RQ
)
⊂ B(cQ,κrQ). (B.1)
Lemma B.1. Given an α-covering Q, there exist n0 < ∞ subsets Qi ⊆Q, i = 1,2, . . . , n0, such
that Q=⋃n0i=1Qi and the elements of Qi are pairwise disjoint.
The proof is given in [11, Lemmas c.1.1 and c.8.3], but will be given here for completeness.
Proof. Given Q ∈ Q define Q∗ := {Q′ ∈ Q: Q ∩ Q′ = ∅}. By (B.1) we have ⋃Q′∈Q∗ Q′ ⊂
B(cQ,κrQ). Since Q has finite height, there exists a constant n2 such that
n2C
d |Q| n2sdκdrdQ >
∑
Q′∈Q∗
|Q′| c(#Q∗)|Q|,
i.e., #Q∗ is bounded by a constant n0 independent of Q.
Let Q1 ⊆ Q be a maximal set of pairwise disjoint elements, and let inductively Qi ⊂ Q \⋃i−1
k=1Qk , i = 2,3, . . . , be a maximal set of pairwise elements. Suppose Q ∈ Qn0+1. Then for
each k = 1,2, . . . , n0 there exists a Qk ∈Qk such that Qk ∩Q = ∅. But this is a contradiction to
the fact that #Q∗  n0. 
894 L. Borup, M. Nielsen / J. Math. Anal. Appl. 321 (2006) 880–895Lemma B.2. Let Q and Q′ be two α-coverings. For each Q ∈Q let
AQ = {Q′ ∈Q′: Q′ ∩Q = ∅}.
Then there exists a constant dA such that #AQ  dA independent of Q.
Proof. Recall that there exists a constant δ such that |Q| δ|Q′| for all Q′ ∈ AQ, independent
of Q ∈Q. According to (B.1) and Lemma B.1 we have
|Q| sdrdQ 
δsd
κdn0
(#AQ)|Q|,
i.e., #AQ  κ
dn0
δsd
. 
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